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Abstract

This study presents an analytical model based on the upper-bound method to investigate the
backward extrusion of ultra-thin-walled tubes (wall thickness 100—400 um). The deformation
zone is divided into distinct regions with kinematically admissible velocity fields and defined
discontinuities, allowing accurate estimation of strain rate field. The model incorporates effects
of friction, wall thickness variation, and velocity discontinuities to predict extrusion force,
deformation zone depth, and strain localization. Validation through both experimental
measurements and finite element simulations demonstrates strong agreement with the analytical
predictions. The proposed model offers an efficient and reliable framework for understanding
deformation mechanics in precision tube extrusion and serves as a practical design tool in metal
forming processes.
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Nomenclature

Description

Outer radius of the tube
Inner radius of the tube (mandrel radius)
Outer radius of the billet
flow localization radius
Radial coordinate
Circumferential direction
Mandrel diameter

Depth of deformation zone
Wall thickness of the tube
Length of Container

Punch velocity

Final material flow velocity

Velocity component in circumferential direction

Deformation time

Flow stress

Average flow stress

Mean flow stress in deformation zone
Strain rate

Effective strain rate

Increment of homogeneous strain
Constant friction factor

Shear stress

Initial shear stress of material

Final shear stress

Mean shear stress

Velocity discontinuity

Area of velocity discontinuity surface
Velocity discontinuity surface

Power consumption

Unit
mm
mm
mm
mm
mm
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1 Introduction

Ultra-thin-walled tubes, with wall thicknesses ranging from 100 to 400 microns, are increasingly
in demand for applications in aerospace, medical devices, and micro-mechanical systems. These
components are typically manufactured using high-reduction extrusion processes, which induce
severe plastic deformation and result in concentrated strain within narrow deformation zones [1].
As tube wall thickness decreases, the surface-to-volume ratio increases, significantly amplifying
frictional effects and promoting non-uniform deformation and redundant work. This presents a
key challenge in precision tube forming at micron scales [2,3]. In this study, ultra-thin-walled
tubes correspond to the tubes with wall thicknesses in the range of 100400 pm and a wall-
thickness-to-diameter ratio (h/D) of 0.08 or lower unless otherwise stated, this terminology is used
consistently throughout the manuscript.

Backward extrusion is a widely adopted process for producing closed-end tubes, offering
advantages such as high dimensional accuracy, excellent surface finish, reduced material waste,
and minimized secondary operations [4]. Compared to forward extrusion, backward extrusion
generally exerts lower frictional resistance and better accommodates complex geometries—
making it ideal for ultra-thin-walled tube forming. However, as wall thickness decreases, the
deformation mechanisms become more intricate, requiring advanced analytical and numerical
modeling to predict extrusion force, deformation zone shape, and strain localization. Simulations
by Tzou et al. [5] highlight how variations in friction, punch geometry, and wall thickness
significantly influence velocity fields, flow patterns, and forming loads.

The Upper-Bound Method (UBM) provides a powerful analytical approach for metal forming
processes. Based on kinematically admissible velocity fields and power dissipation
minimization, UBM enables the estimation of forming loads and energy consumption without
requiring full field solutions. Previous UBM-based studies have explored axisymmetric extrusion
and tubes with complex geometries. While several models have addressed general extrusion
processes [6], limited analytical efforts have focused specifically on ultra-thin-walled tubes in
backward extrusion, where strain localization and friction-induced flow heterogeneity are
prominent.

Initial analytical studies on backward extrusion focused on axisymmetric deformation using
simplified velocity fields. Bae and Yang proposed upper-bound models for tubes with elliptic
and complex internal geometries [4], while Abrinia and Gharibi extended the analysis to thin-

walled cylindrical tubes via finite element simulation [2].
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Research on magnesium alloy tubes Faraji et al. revealed that backward extrusion induces grain
refinement and improved mechanical properties through severe plastic deformation [7]. Orangi
and Abrinia further employed FEM to examine the influence of process parameters in tubes with
arbitrary shapes [8].

On the theoretical side, generalized velocity fields introduced by Yang and Han [9], along with
upper-bound analysis by Ebrahimi et al. [6], laid the groundwork for integrating strain-rate
sensitivity and die geometry into extrusion models. Lee contributed UBM formulations for
angular deformation processes involving discontinuous velocity fields [10], and Chang and
Wang (2006) developed an optimized upper-bound formulation for axisymmetric extrusion
through spherical dies, explicitly accounting for die geometry and frictional interfaces by
employing a spherical velocity field model [11].

Recent research has extended the application of continuous velocity field formulations within
UBM to better capture flow behavior in extrusion. For example, Bressan and Martins [12]
analyzed axisymmetric extrusion using tailored streamline-based upper-bound solutions and
compared them with finite-volume simulations. Similarly, Hong and Lou [13] developed
upper-bound models for cold extrusion of box-shaped products using velocity fields responsive
to varying die geometries and friction. Further advancements in SPD-based backward extrusion
include techniques such as rotating backward extrusion (RBE), continuous extrusion, and other
severe deformation methods, which enhance shear strain and promote microstructural refinement
in thin-walled tubes, as demonstrated in recent experimental and FEM-based studies [14-16].

Further refinements to UBM have integrated discontinuous velocity surfaces, non-uniform strain
fields, and mixed friction conditions [17-19]. Ebrahimi et al. [20] investigated forward—
backward-radial extrusion via UBM, underscoring the role of strain path definition. Backward
extrusion—particularly in variants such as rotating and accumulative backward extrusion—has
proven to be an effective severe plastic deformation method, as validated through simulations
and experiments [21,22]. Beyond conventional extrusion, the upper bound theory has also been
extensively employed to analyze severe plastic deformation processes involving complex strain
paths, such as equal-channel angular pressing [23,24].

Concurrently, the predictive accuracy of UBM has been substantiated through experimental and
numerical studies across various tube extrusion settings [25,26]. For instance, Alexandrov et al.
[27] presented a general upper-bound solution for axisymmetric extrusion and drawing,

integrating die angle effects and frictional interactions in conical die systems. More recent
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investigations addressed strain localization in thin-walled tubes, such as redundant strain buildup
in flow forming [28] and hybrid UBM/velocity-field models for layered or curved profiles [29].

Despite significant advances in analytical and numerical modeling of extrusion processes, the
deformation depth associated with strain localization in backward extrusion of ultra-thin-walled
tubes has not, to the best of the authors’ knowledge, been explicitly determined through
analytical upper-bound formulations. In most existing studies, deformation depth and strain
localization are inferred indirectly from numerical simulations or experimental observations.
Furthermore, available analytical models largely focus on conventional tube thicknesses or
simplified deformation modes and rarely provide quantitative insight into deformation zone
depth, strain localization extent, or friction-dominated power consumption in ultra-thin-walled
tubes, typically below 0.5 mm. Although numerical studies often report parametric trends, they
generally do not offer closed-form relations that enable rapid estimation of extrusion force,
deformation depth, and strain concentration across varying wall thicknesses and reduction ratios.

To address this gap, the present study proposes an upper-bound-based analytical model
specifically tailored for the backward extrusion of ultra-thin-walled tubes. A physically
motivated and kinematically admissible velocity field is adopted as a modeling assumption,
enabling the analytical determination of deformation depth (7’) directly through minimization of
total power dissipation. This framework extends the applicability of upper-bound analysis
beyond global force prediction toward explicit assessment of localized deformation behavior.
The model incorporates segmented deformation zones, redundant strain, and mixed sliding—
sticking friction conditions to predict extrusion force, deformation depth, and strain localization.
Validation is performed through experimental measurements and finite element strain-field
analysis. While the formulation is applicable to wall thicknesses in the range of 100—400 um,
experimental and numerical validation in the present work is conducted for the 400 pum case.

2 Methodology

In this section, an upper-bound analytical framework is developed to model the deformation
behavior during backward extrusion of ultra-thin-walled tubes. This approach follows the
classical variational principle by minimizing the total power dissipation through the use of
kinematically admissible velocity fields, consistent with established formulations in extrusion
modeling [30,31]. The deformation region is divided into multiple zones. Each zone is
characterized by distinct flow patterns. Based on the works of Bae and Yang [4], and Ebrahimi et
al. [20], curved or straight velocity discontinuity surfaces are introduced to model abrupt changes
in material flow. Prager and Hodge's theoretical formulation for discontinuous velocity fields

forms the basis for calculating power losses across these surfaces [32].

3
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Referring to Figure 1 (a), the frictional conditions are modeled based on constant friction laws,
where friction factors of m=0.1 on the all-frictional surfaces (AB, BC, FL, LQ, and AP),
consistent with recent FEM studies applying constant friction models in pin-extrusion processes
[33].

The total power consumption (W) is evaluated as the sum of internal deformation power (W),
frictional power (Wf), and velocity discontinuity power (W), using the integral approach

outlined by Druker [18] as follows:
(1)
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In the final step, the total power expression is minimized with respect to geometric or flow
parameters, yielding an estimation of the required extrusion force. The validity of the proposed
model is evaluated through direct comparison with experimental results obtained in this study,
including force-displacement measurements and deformation observations. A close agreement
between theoretical predictions and practical outcomes confirms the applicability of the upper-
bound formulation to ultra-thin-walled backward extrusion. The formulation includes
kinematically admissible velocity fields, strain rate estimation, and evaluation of power
consumption. For clarity, full derivations of all mathematical expressions are provided in

Appendix A, while only final relations are retained in this section.

2.1. Division of Deformation Zones and Velocity Field

As shown in Figure 1 (a), the deformation region is divided into two primary subzones based on

the observed material flow during backward extrusion:

e Region I: The central deformation zone located under the punch, where the material
exhibits both axial (v,) and radial (v,) velocity components due to the compressive action

of the punch.
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e Region II: The surrounding flow zone in which the material is extruded radially and
axially around the mandrel to form the ultra-thin-walled tube, also involving

simultaneous v, and v, components.

Due to the axisymmetric condition of the process, the circumferential velocity component is
assumed zero. Accordingly, the velocity field in both regions is assumed to contain two non-
zero components: v, and v, which are defined to ensure continuity and incompressibility:

ov, | o | v

0z ar a6 =0 (2)

The regions I and II, separated by a cylindrical velocity discontinuity surface AE. It is worth
noting that the assumption of constant friction factor applies to the friction surfaces AB, BC,

FL, LQ, and AP. Figure 1 illustrates the schematic view of the process and deformation

model.
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Figure 1: Schematic View of the Backward Extrusion Process: (a) Deformation model considered for the
backward extrusion process of ultra-thin-walled tube, showing how the material moves in the deformation
region, (b) Finite element mesh of the axisymmetric model showing local refinement in the deformation

zone and near the die exit.

The adopted two-zone velocity field represents an idealized yet physically motivated
approximation of the deformation pattern in backward extrusion of ultra-thin-walled tubes.
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While localized strain heterogeneities may arise near sharp corners and contact interfaces, the
formulation is designed to capture the dominant deformation mechanisms and associated power
dissipation. The velocity field is kinematically admissible and analytically tractable, enabling
material flow beneath the punch and within the radial deformation region to be described in a
simplified form. Although it constitutes a modeling assumption within the upper-bound
framework, its formulation allows the deformation depth T to be determined directly through
minimization of total power dissipation, rather than being prescribed or inferred a posteriori.

The contact surfaces AP and LQ are defined by the intersections between the billet, punch, die,
and mandrel and are fully determined by the billet radius, mandrel radius, punch contact, and
wall thickness. Their lengths are obtained directly from the geometric relations shown in Fig. 1
(a) and are therefore not treated as independent parameters. It is worth noting that, the punch
contact length is several times the tube thickness, which is sufficient to form the tube. The

specific analytical forms of v, and v,- used in this study are presented in Appendix A, where
they are constructed to satisfy boundary conditions and kinematic admissibility in both regions.

The adopted velocity field, inclusion of velocity discontinuity surfaces, and explicit evaluation of
frictional power on multiple interfaces are particularly important for ultra-thin-walled tubes, where
high surface-to-volume ratio amplifies frictional effects and strain localization. In the finite
element model, local mesh refinement is applied in the deformation zone and near the die exit to
capture these high gradients. The final expressions for extrusion pressure, deformation zone depth
(7), and total power consumption are summarized in Eqs. (4)—(7), whereas the detailed derivation

steps are provided in Appendix A.

2.2. Strain Rate and Effective Strain Estimation

This strain rate is employed in estimating the internal power dissipation within the deforming
zone. Based on the defined velocity fields, the components of the strain rate tensor and the
effective strain rate (£) were derived analytically (see Appendix A). The final expression used in

calculations is:

= 2( .2 2 2
€=3 <err + Egg t &2, ) 3)
This strain rate is employed in estimating the internal power dissipation within the deforming

zone.
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2.3 Force and Power Analysis

The billet material is modeled as isotropic elastic—plastic with strain hardening. The constitutive
behavior is represented through a flow-stress relation in which the average flow stress is
expressed as a function of the effective strain, ¢ = f(g) (Appendix A, Eq. A.39). The effective
strain is obtained from the kinematically admissible velocity fields and the associated strain-rate
components described in Appendix A. The calculated average flow stress is subsequently
employed in the evaluation of internal deformation power by integrating over the volumes of
Regions I and II (Appendix A, Eq. A.40). The adopted material parameters correspond to the
experimentally characterized response of annealed AA1050 aluminum alloy.

The total power consumed in the process is composed of three components:

« Internal deformation power W;
o Frictional power Wf

« Velocity discontinuity power W}

Each of these terms is derived analytically in Appendix A, based on the geometry and
surface conditions. Frictional behavior is modeled using constant friction laws, where friction
factors of m=0.1 on the all-frictional surfaces.

The total power consumption is expressed as:

Wtotal = Wi + Wf + WI" 4)

The extrusion force is obtained from:

— Wtot (5)

Up

F

Where v, is the punch speed. According to Eq. (6) (see the Appendix A), The required

pressure to perform the process is obtained as follows:
Wtot =F.vy = 7-[([\,(12 - ROZ)PExtvp (6)

(7
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The deformation zone depth 7 is obtained by minimizing the extrusion pressure with respect

to 7.

In required pressure, if the shape and dimensions of the die and punch and the constant friction
factor between the tool and workpiece are known, all parameters except 7 are specified.
Therefore, to calculate the pressure, we first need to determine the depth of the deformation
region, represented by 7. In the analytical formulation, billet diameter (dy) and tube wall
thickness are treated as parametric variables and are systematically varied in the parametric
studies. the analysis performed for various billet radii in the range of 2.5-7 mm and wall
thicknesses ranging from 0.1 to 3 mm in order to investigate the influence of initial billet size
and wall thickness on deformation depth and strain localization.

2.4 Finite Element Simulation

Numerical simulations were carried out using the commercial finite element software
ABAQUS/Explicit. A two-dimensional axisymmetric model was adopted due to the
axisymmetric nature of the backward extrusion process. The billet was modeled as elastic—plastic
material, while the die, punch, and mandrel were assumed rigid. A mesh sensitivity analysis was
conducted using approximately 4500, 8000, and 13,000 elements. The mesh with about 8000
elements was selected. Therefore, the billet was discretized using approximately 8000
quadrilateral CAX4R elements, with mesh refinement concentrated in the deformation zone and
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near the die exit. The punch was prescribed a constant downward velocity, while the die and
mandrel were fixed. The finite element mesh and local refinement strategy are illustrated in
Figure 1 (b). The plastic flow and frictional behavior of the material AA1050 aluminum alloy
(o0 = 106&%**° MPa and 1=0.038) obtained from compression tests, were implemented in the
software.

3 Experiment Procedure

Backward extrusion was chosen to reduce the high friction present in direct extrusion. The
experimental setup and die used to produce ultra-thin-walled tubes with a 5 mm inner diameter

and a 400-micron wall thickness is shown in Figure 2.

Deformation zone between
mandrel and punch

Figure 2: Backward extrusion die parts and assembly setup: Punch: No. 4, Punch holder:

No.7&8, Die: No. 2 &3, Mandrel: No. 5, Die Holder:1,6
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Die design- Die components, including the punch and mandrel, were made from SPK tool steel
for its excellent hardenability and post-hardening strength (55 HRC). The internal punch edge
was rounded to a 1.25 mm radius to ensure smooth material flow. A 3 mm contact length

between the punch and mandrel was optimized to minimize friction and prevent misalignment.

Sample Preparation- Samples as initials billet were machined from AA1050 aluminum alloy into
hollow cylinders. To relieve machining stresses, the samples were annealed at 600°C for three
hours. The flow parameters used in the analytical and FE models were obtained by fitting
compression test data of AA1050 aluminum alloy. Extrusion Setup- A 20-ton press with
computer control was employed, operating at a ram speed of 0.2 mm/s. The ram displacement
ensured a 2 mm residual at the billet’s base for complete extrusion. The extrusion force was
recorded using the built-in load cell of the screw press, which was connected to a computer
system with a resolution of 0.01 kN. The deformation zone depth was measured from
metallographic cross-sections using the scale bar on the optical micrographs. Lubrication-
Various lubricants were tested, including graphite powder, MoS., SAE 40 oil, and Teflon. Teflon
proved most effective in minimizing friction and preventing aluminum adhesion.

Cylindrical specimens of 10 mm diameter and 15 mm height were used for uniaxial compression
tests, machined from the same AA1050 aluminum alloy billets. A constant cross-head speed of

0.2 mm/sec was applied.

4 Results and Discussion

4.1. Estimation of the Force in the Backward Extrusion Process of the Tube Based on the
Proposed Model

The extrusion force was estimated using the upper-bound model presented (see Appendix A.41).
Based on the optimized deformation zone geometry, the total power consumption was evaluated
and converted into extrusion pressure, which was multiplied by the punch cross-sectional area to
calculate the forming load. The force—displacement curve was generated by integrating the load

along the punch stroke. Figure 3 illustrates the force-displacement curve of the punch, calculated

by this method for billets with different diameters.

10
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Figure 3: Force Variation with Punch Displacement Based on the Upper-Bound Model.

The experiment for the billet with an initial billet radius of 6 mm and a wall thickness of 400 pm

was repeated three times. The average experimental peak force was 6.7 tons (Figure 4) with a
deviation of £0.15 tons. The comparison of the force-displacement graph obtained from the

process with the predicted force by the upper-bound model is presented in Figure 4.

80

70 -

force(kN)

Upper-bound Prediction
= = =« Experiment
R;=2.5mm

Ry=6 mm
Ry=2.9 mm

2 3

a

5 6 7

punch displacement(mm)

Figure 4: Comparison between analytical prediction and average experimental force—displacement curve

for the 400 pm wall thickness tube.
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After aligning the slope of the analytical force—displacement curve with the experimental curve,
the absolute force values predicted by the analytical model are compared with the experimental
results to assess the predictive capability of the model under the tested conditions. This level of
agreement confirms the reliability of UBM predictions for backward extrusion of ultra-thin-
walled tubes, in line with previous experimental validations [25-27] and its proven performance
in more complex cases such as bi-metallic extrusion and non-axisymmetric profiles [34,35].

4.2. Frictional Power Consumption for Different Surfaces

Frictional power was calculated for each interface by evaluating the third integral in the upper-
bound equation (See Appendix: equation A-41). It is well recognized that asperity flattening and
the resulting evolution of real contact area play a critical role in influencing frictional behavior
during metal forming, as discussed by Zwicker et al. [36]. However, in the present study, the
constant friction factor is introduced as a calibration parameter such that only the slope of the
analytical force—displacement curve matches that of the experimental curve, independent of any
offset in force magnitude. After aligning the slopes, the absolute force values predicted by the
analytical model are compared with the experimental data, enabling assessment of the model’s
capability to predict force levels under the tested conditions. It is emphasized that adopting a
constant friction factor is a common simplifying assumption in upper-bound formulations to
retain analytical tractability, and its limitation is acknowledged. Therefore, a constant friction
factor (m = 0.1) is applied consistently across interfaces (AB, BC, FL, LQ, and AP).

As shown in Figure 5, surface LQ showed the highest frictional power consumption, followed by
AP, due to higher relative velocities despite moderate area contact. High relative velocities near
the die exit significantly amplify frictional power loss and promote local shear zones. These
observations are consistent with previous reports on strain localization phenomena in backward
extrusion of various Aluminum Shaped Section Tubes by Orangi et al, revealed pronounced
strain localization in contact regions and sharp corners, attributed to friction-induced flow

heterogeneity and local shear intensification [37].

12
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Figure 5: Comparing frictional power on each frictional surface for the 400 microns wall thickness

produced tube.

The lengths of AP and LQ clearly affect the force calculation. However, since these lengths are
assumed to be identical in the experiment, and analytical analysis, a direct comparison of the
calculated forces is justified. However, these lengths do not affect the geometry of the

deformation zone. Because they do not contribute to the upper-bound power optimization

4.3. Deformation Zone Depth Estimation

In the proposed upper-bound formulation, the deformation zone depth 7 is treated as an internal
variable and is determined by minimizing the total power dissipation associated with the

assumed velocity field. For the given geometry and process parameters, by solution of

13
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:—T (Pgxt) = 0, the depth of the deformation zone (T) is obtained as follows (Equation A.71 in
Appendix A):

(6)

R3 + 2R3 R3 + 2R3 l
(u _ RORi2> (ks + ko) (O—d ~ RoR2) (ks + ko)
+

3 3
T2 = (Rdz . RZ) (R(Z) - Rzz) (Ré — Rg)
- 0
Mhm, (Rg — RERI +mk,, Ry +kpn Ry 1+ Ri = Ry’
(RS — R?) T mo R§ — R}

For the experimental condition with an initial billet radius of 6 mm and a tube wall thickness of
400 pm, the analytical model predicts a deformation zone depth of approximately T = 1.0 mm.

The deformation zone in metallographic images is identified based on the transition from heavily
elongated grains to relatively undeformed regions along the extrusion direction, and the
corresponding depth is estimated using the scale bar provided in the micrographs obtained by
optical microscopy, in which the deformation depth is measured using the image scale bar,
indicate a deformation depth of approximately T =~ 1.2 + 0.2 mm.
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Figure 6: cross-sectional micrograph showing deformation zone of the 400 microns wall thickness

produced tube (R;= 2.5 mm, R¢=6 mm, R¢=2.9 mm).

The FEM-predicted deformation zone depth (Figure 11 (a)) was compared with metallographic

observations (Figure 6). FEM results predict a deformation zone depth of approximately T = 1.1
mm. which is in close agreement with that of metallographic measurement (T = 1.2 + 0.2 mm).

The close proximity of these values indicates a consistent prediction of deformation zone depth
by the analytical model, FEM simulation, and experimental observation.

The model assumes that the deformation depth corresponds to the point where the total power
reaches a minimum, reflecting an energetically favorable state. This physically meaningful
criterion enables the analytical estimation of plastic zone penetration depth without reliance on

trial-and-error or numerical iteration.

For the investigated tube with a wall thickness of 0.4 mm, the deformation depth T predicted by
the analytical model is in close proximity to the corresponding FEM prediction and to the value
estimated from metallographic observations. The relative difference between these values is
within approximately 10—15%, which is acceptable for upper-bound based analytical modeling
of complex extrusion processes. This agreement indicates that the proposed velocity field
provides a realistic representation of the deformation zone. According to experimental results
and FEM analysis, the depth of the deformation zone — and in fact the boundary between the
deformation zone and the undeformed zone — is not clearly observed as a sharp interface.
However, in the present model, this boundary is assumed to be sharp, and the resulting
predictions for the depth of the deformation zone are in reasonable agreement with both FEM

and experimental observations.

4.4. Analysis of Factors Affecting the Depth of the Deformation Zone

A parametric analysis examined the influence of billet diameter, wall thickness, and friction
factor, since these factors are variables affecting the depth of deformation (7) in the equation
A.71 (Appendix A).

According to Figure 7: an increase in billet diameter led to deeper deformation zone, primarily

due to increased reduction in area, with this effect being more pronounced for billets of smaller
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initial diameters. The influence of wall thickness on the deformation depth exhibited a non-linear
trend: as the thickness increased, the depth initially grew until reaching a critical threshold,
beyond which it began to decrease due to the onset of flow localization. Figure 7(a) illustrates
the variation of deformation zone depth for the 400 um wall thickness tube under different area
reductions. As billet radius increases, the reduction in area increases, requiring more material to
flow radially outward. This larger volume of deforming material necessitates a deeper
deformation zone to accommodate the strain gradient. The nonlinearity arises because the radial
velocity gradient is inversely proportional to the square of the radius, leading to diminishing
returns at larger diameters. In addition, Fig. 7(b) presents the variation of deformation zone depth
over the entire ultra-thin-walled range (100400 pm), showing a clear increase in deformation
depth with increasing wall thickness. When the wall thickness exceeds approximately 2 mm, the
deformation zone depth decreases after reaching a maximum, which signifies the development of
strain localization near the punch. For thin walls (<1.5 mm), the deformation zone depth
increases with wall thickness because the greater material volume absorbs energy through
distributed plastic flow. However, beyond a critical thickness (~2 mm), the deformation depth
decreases because the material can no longer sustain uniform flow; instead, strain localizes into a
narrow shear band near the die exit. This transition is governed by the competition between
radial flow constraint and frictional traction. Thicker walls reduce the axial-to-radial velocity

ratio, promoting localized shear rather than deep penetration.

Moreover, a parametric study indicates that moderate variations in friction coefficient have only
a minor influence on the deformation zone depth compared with geometric parameters.
According to Figure 8, minimal impact on the deformation depth, suggesting that the process is
predominantly governed by internal material flow rather than interface friction.
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The value of T in the total frictional power consumption affects the size of the frictional surfaces
BC and FL. According to Figure 5, the frictional contribution of these surfaces is very small

compared to the two surfaces LQ and AP, where the material velocity is high. Therefore,
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changing the frictional conditions (increasing m) causes a very small increase in the frictional
power consumption on the surfaces BC and FL, which depend on the value of 7. This has
reduced the dependence of friction and the depth of the deformation zone. These findings

highlight the sensitivity of 7 to geometry.

4.5. Strain Localization Region Based on the Proposed Model

Using the proposed analytical formulation, the location of strain localization in the radial
direction was determined by evaluating the power consumption across varying radial distances in
the shear zone (surface FL). For each assumed radius, R, between the mandrel and the tube outer

radius, the total energy consumption was computed, and the point of minimum power was

identified as the zone where strain localization occurs indicating with R; (Figure 9).
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Figure 9: Power consumption vs. assumed shear surface R for different wall thicknesses.

The flow localization radius for different wall thicknesses, which are located after the maximum
point on the curve in Figure 7 b, is obtained. Figure 10 shows how the flow localization distance

changes with increasing tube wall thickness. This distance is the difference between the tube's
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outer radius (R) and the flow localization radius (R ) representing the thickness of the region

where strain localization occurs.
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Figure10: Changes in the strain localization region thickness with increasing tube wall thickness.

As seen in the graph, increasing the wall thickness meaning decreasing in reduction in area,
makes the strain localization region more localized and narrower. The occurrence of flow
concentration is a process defect that causes material shear at the die exit. An investigation into
the effect of the wall thickness of the produced tube on the depth of the deformation zone

showed that, with excessive wall thickness, strain localization occurs early in the process.

To study strain localization, process simulations were conducted for tube production with wall
thicknesses of 400 microns and 2.8 mm. According to Figure 7 (b), the wall thickness lies after
the maximum point on the curve, so based on the calculations, producing a tube with this
thickness will result in strain localization in the material. The radius of strain localization is the
minimum point of the related curve in Figure 9 for each specified wall thickness tube. This point
for the tube with wall thickness of 2.8mm is 4.603 mm accordingly. It means strain localization
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begins at a distance of approximately 2.1 mm from the mandrel surface. Figure 11 shows
equivalent strain distribution pattern and deformation zone depth after the process. According to
FEM strain distribution pattern for the Given 2.8 mm wall thickness of the tube (Figure 11 b),
the distance from the start of strain localization to the mandrel surface is about 2.1 mm so the

radius of the strain localization (R} ) is approximately 4.6mm which is in a good agreement with
that of the analytical calculation

Strain localization arises from the combination of high velocity gradients near the die exit and
friction-induced shear at the LQ and AP interfaces. As wall thickness increases, the reduction in
area decreases, causing the material to concentrate shear deformation in a narrow radial band
rather than distributing it uniformly. The underlying mechanism is governed by the competition
between geometric constraints (billet radius, wall thickness) and frictional traction. When the
wall thickness exceeds a critical value (~2 mm in this study), the material near the outer radius
undergoes intense local shear because the radial flow path becomes constrained, whereas thinner
walls allow more uniform strain distribution.

So according to the proposed analytical approach, the radius of strain localization can be
estimated for thicker tubes. As shown in Fig. 11(b), the analytically predicted localization radius
exhibits good agreement with FEM results. For a tube with wall thickness of 2.8 mm, both
analytical (Figure 9) and FEM models predict a localization radius of approximately 4.6 = 0.1
mm from the tube axis. Small discrepancies between analytical and FEM-predicted strain
localization originate from the idealized nature of the assumed velocity fields in the upper-bound
model, which enforce uniform strain within each region. In contrast, FEM captures local
heterogeneities and gradual strain gradients.

On the other hand, no strain localization is observed when the tube thickness is 400 microns
(Figure 11 a), in agreement with that observation, the point correspond to this thickness is also
located before the maximum point on the curve in Figure 7 b. Therefore, the simulation results
align well with both the experimental and computational results derived from the proposed
deformation model. In this regards strain localization in thick-walled tubes was localized near the
outer radius, while thinner walls showed more uniform strain. The present analytical model
identifies the onset and position of strain localization; however, explicit prediction of wrinkling

or local buckling is beyond its current scope.
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Figure 11: Equivalent plastic strain distribution from FEM simulations for (a) 400 um wall
thickness (uniform deformation, no localization) and (b) 2.8 mm wall thickness (localized shear

near outer radius).

5 Conclusions

This work developed and validated an upper-bound analytical model tailored to the backward

extrusion of ultra-thin-walled tubes. The main conclusions are as follows:

e The analytically predicted peak extrusion force (~7.3 tons) closely matched experimental
results, confirming the reliability of the proposed model.

e Frictional power losses were most significant on surfaces with high velocity gradients
(LQ and AP), consistent with simulation-based observations and highlighting the role of
die-exit shear in strain localization.

e The calculated deformation depth (~1 mm) showed good agreement with both FEM
simulations and metallographic measurements, validating the model’s ability to capture
localized plasticity.
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e Deformation zone depth exhibited a strong nonlinear dependence on billet diameter and
wall thickness, with minimal sensitivity to the friction coefficient—emphasizing the
dominance of geometry over interface friction in this process.

e The model identified regions of strain localization based on energy dissipation analysis,
which correlated well with FEM-derived strain fields. Thinner tubes showed more
uniform deformation, while thicker walls promoted localized shear near the die exit.

e Compared with finite element simulations, which require several minutes per run, the
analytical solution is obtained within seconds on a standard desktop computer,
highlighting its suitability for rapid parametric analysis and preliminary process design.

e The analytically predicted extrusion force shows acceptable agreement with experimental
measurements, while the analytically determined deformation depth exhibits consistent
agreement with both metallographic observations and FEM-based strain-field analysis.

e The proposed framework is applicable within the investigated wall thickness range of
0.4-2 mm, as well as for larger wall thicknesses where localized deformation governs the
backward extrusion behavior.

e Although experimental validation in the present study is limited to a single material and
tool configuration, the generality of the analytical framework is demonstrated through
extensive parametric analyses covering a range of wall thicknesses, billet radii, and
reduction ratios. Since material work-hardening behavior influences deformation
localization, further experimental investigations involving different materials and
geometries are recommended to extend and strengthen the applicability of the proposed
formulation.
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Appendix A — Derivation of Governing Equations in the Upper-Bound Model

A.1. Kinematically Admissible Velocity Field
To construct an admissible velocity field, it is assumed that the material deforms in two regions:

e Region I (beneath the punch): the material flows radially outward and axially
downward.

e Region II (around the mandrel): the material flows radially backward and axially
upward.

Due to axial symmetry, the circumferential velocity is zero:
The velocity field equation in regions I and II is assumed to contain v, and v,. and are derived in

the approach to satisfy volume constancy. These fields describe material flow in each region:

Region I:

T (A1)
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T 4
Vg = 0
Region II:
? —R;*\ (Ry* - Ry’
Vrin = = T R, — R}’ Up A2)
Ry, - Ry’ (T — z)
Vo = — Ry —RZ\ T Yp
Vg = 0
where

o 1}, is the punch velocity,
e Ry is the initial billet radius,
e T is the deformation zone depth.

The above field satisfies the incompressibility condition:

ov, , 0vy  O0vg _
0z T ar = 90 0 (A-3)

A.2. Strain Rate Tensor Components

From the velocity field, the non-zero strain rate tensor components are:

Strain rate tensors are derived from velocity fields for regions I and II. These tensors ensure the

incompressibility condition, as shown in Equations (3)— (8).

A) Calculation of the strain rate tensor in the region 1

. v,  [(Ry*+1?
&g = = v
™ oy 2r2T p (A.4)
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€171 =T (A.5)
. _vr+18v9_ R % —1? +1(O)— R;%—1r?
go01 = T 59 2r2r )P TRV 2r2T )P (A.6)

As it can be seen &, + €gg + €,, = 0, therefore, Incompressibility condition, which is a necessary
condition for the velocity field to be acceptable, is established. Now we will discuss the rest of the

components of the strain rate tensor:

) 1/10v, Jdvy vy (A.7)
o =3 (735 ) = G =0
) 1/0vg 10v, . (A.8)
to1 =5 (7 7735 = 0 0
_ 1/0vr O0v, _ (A.9)
Ezrl=§ E"' or :gzr=0

B) Calculation of strain rate tensor in the region 11
_ v, v <Rd2 — R02> (A.10)
221 = - == |\ mz _nz

#% 0z T\ R:—R?
, v, Rs% — Ry™\ (1% + R}? (A.11)
il = or - RO2 — R.? 2r2T Vp

l

v 10ve Ry — R\ (r*— R/’ (A.12)
oo =T 90 T Ry% — R;? 2r2T )P
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. 1/10v avg Vo X (A13)
b =3 (735 + 3 ) = o =0

. 1/0vy 10v ) (A.14)
o =3 (G + 7 50) = 0 =0

, 1/0vr Ov, , (A.15)
€z = 5 E—Far = €&, =0

A.3. Effective Strain Rate

A) Estimation of homogeneous strain

Homogeneous and effective strains are estimated using deformation mechanics principles.
The effective strain rate is derived as a function of strain tensor components. The homogeneous

strain distributions for the extrusion of a tube are calculated as follows:

b 34 _d+2n
E, =— = —
*7 A h(d+h) (A.16)
4 9

YT Th (A.17)
g 45 _ —dh

T T Td+h (A.18)

A is the cross-sectional area of the cylindrical billet in the deformation zone, and s is the sum of
the perimeter of this base and the perimeter of the inner cavity of the billet. Additionally, d is the
mandrel diameter, and / is the wall thickness of the tube at the mid-point of the deformation
zone. In this way, the equivalent homogeneous strain development (dey) for the tube extrusion

process would be as:
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2 3h?+3hd +d?1 (A.19)
dey = —=[— —1]2 dh
V3~ h*(h+d)

So, the Homogeneous strain in indirect extrusion would be obtained as follows:(hf = Ry — R; &

ho = Rs — R;)

hy (A.20)
&y = dSH
ho

The desired dimensions in this research are as follows: Ry = 2.9mm «R; = émm R; =

2.5mm .

According to the relation (19) and the above dimensions, the amount of homogeneous strain for
the process was equal to 2.81.

B) Estimation of Total Strain in the Process

The von Mises equivalent strain rate is expressed as:

- 2/ 2 2 2
£= \/5 <érr + Egg + €5, ) (A.21)

Substituting from Egs. (A.4) — (A.15):

Therefore, the effective strain rate in zone I will be:

EI = vp 3T4 + Rd4
V3TrzN (A.22)

R — R§

~ RZ—R?’

Assuming: C similarly, the effective strain rate in zone //will be:
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& = Cp /3r4 +R* (A.23)
\V3Tr2

As shown, both &;; and E, are functions of r; therefore, to calculate the effective strain, an

average value for the effective strain rate must be determined:

- IE av (A.24)
En” [av

The differential volume element for zone I is calculated as follows, with r varying from R, to R:

dV = 2nrTdr (A.25)

By substituting equations (24) and (21) into (23) and solving, the average effective strain rate

1s obtained as:

2 V3R¢ + RA+ RS (A.26)
2R3 — R3 log(/3) — /3R + RE + & log( 2 +R;4+Rd2)
: o T Ra™—Rq

EImean = U

V3T(Rd? — R?)

Similarly, in zone II, the volume element is calculated as follows, with r varying from R; to R:

(A.27)
dV = 2nrTdr
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By substituting equations (26) and (22) into (23) and solving, the average effective strain rate

in zone 1I is obtained as:

(A.28)

\/3R4—+R4 R?
7 v,(Ry® — R3) |/3R¢ + R} + R? log(V/3) — 2R + \/3R4—+R4+R2)

&

The time it takes for the material to pass through the plastic deformation zone equals the time

required for the punch to move a volume of material equal to the volume of the deformation zone.
Azym(Ry,* — RE) = f av (A.29)

where Az,is the displacement of the punch needed to move a volume of material equal to the
deformation zone. The plastic deformation time can be calculated by dividing the punch

displacement 4z, by its speed v,,. By numerically solving equation (A.29) for the deformation

zone I, we can write:

Az, T (A.30)

Similarly, for the deformation zone II, we have:
Az,

Az, R{-R'T (A31)

T p2_p2
v, R;-Ryv,

Iy =
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As mentioned earlier, effective strain is obtained by multiplying the average effective strain

rate by the deformation time. By multiplying equation (A.30) by equation (A.26) for zone I, we

get:
A32
2 /3R§+Rd4+R§ (A.32)
2 2 7 5z, Ra
2R4* — Ry* log(V3) —/3RE + R: + g—log( )
/3Rg + Ry* — R3
& =
’ V3(RE - RY)

For the experimental dimensions, this value is obtained as 1.05. Similarly, by multiplying

equation (A.31) by equation (A.28) for zone II, we get:

[27p% + % _ p? (A.33)
V3R + R+ R?log V3 — 2R? + SRo + Ri — Ri Ly
,/3R4 + R} + R?

& =

V3(RZ - Rl?)

For the experimental dimensions, this value is obtained as 1.

The shear strain caused by the passage of material across a velocity discontinuity surface can be
interpreted as the ratio of the tangential velocity to the normal velocity relative to this surface
[10]. According to the deformation model presented (Figure 1), using this concept, the shear

strain on the two velocity discontinuity surfaces AE and AL is calculated as follows:

(T — 2)2Rs(Rs* — R;%)
(Rs* — Ro*)(Ro* — R?) (A.34)

YaE =

Considering the dependency of shear strain on z on this surface, the average strain value in the

range of z from 0 to 7 is obtained as:
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TRo(R4® — R;®) (A.35)
(RdZ _ ROZ)(ROZ _ Riz)

YAEmean -

Similarly, the shear strain on the velocity discontinuity surface AL is calculated as:

TZ — Riz

YaL = 2rT (A3 6)

Considering the dependency of shear strain on r on this surface, the average strain value in the

range of r from R; to R, is obtained as:

Ry® — R/* R;
(T ting,

0 (A.37)
VALnan = "2T Ry — R))
The effective strain for the shear components is calculated and summed as:
s 4 2 4 2
E(AE+AL) = 3 YaE + 3 VAL (A.38)

For the mentioned dimensions of the process, this strain is obtained as 2.9. The sum of this
strain with the average strain values calculated for zones I and II equals the total strain applied to
the material. This value is the sum of homogeneous and redundant strains applied to the material
under frictionless conditions, based on the upper bound model. Thus, the difference between total
and homogeneous strains equals the redundant strain applied to the material in the process, which

depends on the upper bound model considered.

A.4. Internal Power Consumption
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The average flow stress(o;,,) and shear stress (k,,;) in each region, as well as the final shear stress

(ks), are calculated based on the average strains applied to the material as follows:

EII +EI

€ n
o fol Ken o sz Ke
mp g rEmy T &1

Om,; Omyq
Ky = —= Ky = —L
mj \/§ myy \/§

(A.39)

o O _KkGu+E)"
NG V3

These values for the process dimensions are obtained as follows:

km, = 46.19MPa ,ky,, = 70.96MPa
ko = 22MPa

ky = 78.51MPa

In regions I and II, internal deformation occurs. The first integral (\/2—§ 0o fV %éi j€ij AV ) over the

volume of region I (V;) and region II (V};) is calculated as follows:

(A.40)
S , /3R0 +Rd R, ; ; ,
W = mVp |Ry ——og(3)— > 2 log( |3Ry"+ Ry —Ry")
1 V3 2
Rq 4 4 2
+_4 lOg( 3R0 +Rd +Rd)

 20,,,Cm 1/, /3R4 +R} - —i log(R? + /3R4 + R}
Wi = V3
+—log( ’3R4+R4 R}Y) — R? +—log(3)
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A.S. Frictional Power on Interfaces

The frictional surfaces, as illustrated in Figure 1, include those with constant friction factor (m =
0.1)—namely, AB, BC, FL, LQ, and AP. The third integral in the power consumption equation
(A. 41), formulated based on the upper-bound theorem originally proposed by Prager and Hodge
[17] and subsequently modified and extended by Druker [18], is evaluated for these frictional
surfaces as follows:

(A.41)

. 2 f1
Wior = ﬁao.f > G dV + k|Avp| d5+f mk|Avy| dS —f T;v;dS
v Sr S¢ Si

For surface AB, the surface element is derived as follows, varying from R, to R,;. Also, we have

k =kpy,:

ds = 2nrdr (A.42)

The velocity difference of the material on this surface is given by:

R;%—1? (A.43)
|Av| = |vr1| == v

Thus, the power consumption on frictional surface AB is calculated as:

mk,, v, T Ry + 2R,>
mi¥p 0 d_RORé)

W =
Jas T 3 (A.44)

For surface BC, the surface element is derived as follows, z varying from 0 to T. Also, we have

k =k,

ds = 2mR,dz (A.45)
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The velocity difference of the material on this surface is given by:

T—2z
—, (A.46)

|Av| = |v,,| = 7

Thus, the power consumption on frictional surface BC is calculated as:

Wr,, = mky, mR v, T (A.47)

For surface FL, the surface element is derived as follows, z varying from 0 to T. Also, we have

k= kp,:

ds = 2nR;dz (A.48)

The velocity difference of the material on this surface is given by:

Av = |vZ[]| (A.49)

Thus, the power consumption on frictional surface FL is calculated as:
W, = mky,, Cv,nR;T (A.50)

For surface AP, the surface element is derived as follows, z varying from 0 to Ly . Also, we

havek = kf:

ds = 2nRydz (A.51)

Considering that surface AP moves downward at speed v,and the material slides on it with speed

vy in the opposite direction, the velocity difference of the material on this surface is given by:

|Av| = v,(1+C)
(A.52)

Thus, the power consumption on frictional surface AP is calculated as:
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Wpr = mk;v,(1+ C)2nR,L, (A.53)

For surface LQ, the surface element is derived as follows, z varying from 0 to L,,y. Also, we have

k:kf

ds = 2nR;dz (A.54)

The velocity difference of the material on this surface is given by:

Av = =C
v = vy Up (A.55)

Thus, the power consumption on frictional surface LQ is calculated as:

WfL

q = mkaUPZTL'RiLMN (A56)

A.6. Velocity Discontinuity Power

Discontinuity of velocity occurs on surfaces AE, AL, CE and EF, where the consumed energy is
obtained from the second integral. For surface AE, the surface element is expressed as follows,

and z varies from 0to T
ds = 2nR,dz (A.57)

The change in velocity occurring on this surface is given by:

T—z A.58

|Av| =Vz1+VzH=TVp(1+C) ( )
Thus, the power consumption on this surface is obtained as:

W,z = ki, (1 + O, TR, (A.59)
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For surface CE, the surface element is expressed as follows, varying from R; to R,. For surface

CE, the surface element is derived as follows, r varying from R, to R;. Also, we have k = ky:

ds = 2nrdr (A.60)

The velocity difference of the material on this surface is given by:

v | | Rd2 _ 2
vl = |V =7V
1 2rT7 P (A.61)
Thus, the power consumption on frictional surface CE is calculated as:
kovpm (2Rd* +R5 (A.62)

For surface EF, the surface element is derived as follows, r varying from R; to R,. Also, we have

k:k():

ds = 2mrdr (A.63)

The velocity difference of the material on this surface is given by:

r2 R (A.64)
|4v] = |vry | = € ———vp

Thus, the power consumption on frictional surface EF is calculated as:
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. koCmv, [(2R;2 + R,®
o - (i)

EF T 3 (A.65)
For surface Al, the surface element is expressed as follows, varying from R; to R,.

ds = 2nrdr (A.66)
The change in velocity occurring on this surface is given by:

|aV| = v, (A.67)
Thus, the power consumption on this surface is obtained as:

keCv, (R%; + 2R} 5
var = T 3 — RoR; (A.68)

A.7. Total Power and Extrusion Force

Total power input is the sum of internal, frictional, and discontinuity power. As we know, the
total power consumed for deformation and the wasted powers must be supplied by the external
force. The power applied by the external force can also be calculated from the product of the
applied force and the speed of the punch movement. Therefore:

Wior = F.v, = T(Rg® — Ro®) PexeVp (A.69)

Where Pg,. is the extrusion force applied on the punch. Using equation (69), the required

pressure for extrusion can be easily calculated. This pressure is obtained as follows:

(A.70)

2 logV3 — |3R¢ + RS l “3R4+Rd+Rd
Pext \/_(Rd 2) Rd Rd Og + d + e \/W RZ)
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o R? ,/3R4 + R} — R?
=~ [~2R? + RY log V3 + [3R +Rf +—- i )|+
V3(RZ — R?) ,/3R4+R4+R2

(mk, + ko) (RS + 2R3

L [Ro(1+ C)(km,T + 2mksLy) + - 3

— RoR3) + mK,R4T +
R2 _ RZ
a0 |mKy, CR;T + 2mK;CR;Lyy

R3 + 2R}

+ ! ~— RoR? | (K; + Ky)
T(R2 — R?) 3 :

For the given geometry and process parameters, the solution of (PExt) 0 the depth of the

deformation region is obtained as follows:

(A.71)
R} + 2R’ R} + 2R,° ]
<% - RORLZ> (kf + kO) (OTd - RORCZi (mka + kO)
(Rdz - Rg) 2 2 + 2 2
T2 = (RS —R?) (RG — Rp)
Mk, (R3 — R3)RI R3 —R,*
ko Ry + ko Ry | 1+ -4—2%-
( (RE—rp) o Emo\ DT R —R2
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